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Mathemat i ca l  Models i n  Management S c i e n c e s  ( I ) :  
Consumer E e h a v i o u r  2 s  a Markov P r o c e s s *  
T,. N. Bhargava and V .  N .  Pa t anka r**  
Kent S t a t e  U n i v e r s i t y ,  U .  S .  A .  
A b s t r a c t  
This i s  t h e  f i r s t  of a s e r i e s  o f  p a p e r s  we p ropose  
t o  w r i t e  on t h e  u s e  o f  m a t h e m a t i c a l  models  i n  management 
s c i e n c e s .  The aim o f  t h i s  p a p e r  i s  t o  p r e s e n t  t h e  consumer 
b e h a v i o u r  p a t t e r n ,  which t a k e s  p l a c e  i n  t i m e ,  a s  a s i m p l e  
Markov p r o c e s s  b u t  n o t  n e c e s s a r i l y  w i t h  a l l  t h e  u s u a l  
r e s t r i c t i o n s ,  such  a s  s t a t i o n a r i t y  a n d  homogenei ty .  Some 
o f  t h e  d i f f i c u l t i e s  c a u s e d  by t h e  complex s i t u a t i o n s  f o u n d  
i n  p r a c t i c e  a r e  t a k e n  i n t o  a c c o u n t ,  and methods s u g g e s t e d  
f o r  a n a l y z i n g  such  p r o c e s s e s .  For example ,  t h e  c a s e s  
where an i n d i v i d u a l  consumer may be a l l o w e d  t o  choose  
more t h a n  one b r a n d ,  and t h e  c a s e  where t h e  a c t u a l  amount 
o f  t h e  p a r t i c u l a r  b rand  bought  by t h e  i n d i v i d u a l  a l s o  
p l a y s  a s i g n i f i c a n t  r o l e .  In  p a r t i c u l a r  we d i s c u s s  t h e  
models  based  o n  i n d i v i d u a l  and c o l l e c t i v e  Markov p r o c e s s e s  
f o r  t h e  consumer p u r c h a s i n g  b e h a v i o u r .  
* W i t h  t h e  s u p p o r t  o f  a N A S A  r e s e a r c h  g r a n t  number NsG-568 
a t  Kent S t a t e  U n i v e r s i t y ,  U .  S .  A. 
**On l e a v e  from H i n d u s t a n  Leve r  L t d . ,  Bombay, I n d i a  
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I n  an a c t u a l  m a r k e t  s i t u a t i o n ,  a consumer i s  f a c e d  
w i t h  t h e  problem of  p u r c h a s i n g  a c e r t a i n  b rand  o f  an i t em 
i n  t h e  m a r k e t .  We wish t o  s t u d y  t h e  p u r c h a s i n g  b e h a v i o u r  
o f  a consumer ,  and i n  g e n e r a l  t h a t  o f  t h e  p o p u l a t i o n  
o f  consumers  o v e r  a p e r i o d  o f  t ime,  w i t h  t h e  e x p l i c i t  
p u r p o s e  o f  be ing  a b l e  t o  p r e d i c t  h i s  f u t u r e  b e h a v i o u r  
based  on t h e  p a s t  i n f o r m a t i o n .  V a r i o u s  a t t e m p t s  i n  t h i s  
d i r e c t i o n  have been  made, some o f  which a r e  l i s t e d  a t  
t h e  e n d  o f  t h i s  p a p e r .  We g i v e  a b r i e f  r ev iew o f  t h e  w o r k  
done so f a r  a n d ,  i n  p a r t i c u l a r ,  s t u d y  t h e  s o - c a l l e d  
' " i n d i v i d u a l '  and ' c o l l e c t i v e '  Markov p r o c e s s e s  a s  a p p l i e d  
t o  t h e  consumer p u r c h a s i n g  b e h a v i o u r .  
L e t  { X n ,  n - > 0)  be a f a m i l y  o f  random v a r i a b l e s  
t a k i n g  p l a c e  i n  a E u c l i d e a n  k - space  S s o  t h a t  { X n )  i s  
a d i s c r e t e  time s t o c h a s t i c  p r o c e s s .  L e t  t h e  i n i t i a l  
p r o b a b i l i t y  d i s t r i b u t i o n  o f  t h i s  f i n i t e  p r o c e s s  be g i v e n  
by t h e  v e c t o r  P (O) = ( p i  (*I; i = 1 ,  2,. . . ,  k ) ,  and l e t  t h e  
p r o c e s s  be Markovian ,  i . e .  t h e  t r a n s i t i o n  p r o b a b i l i t i e s  
Let  ~ ( n )  = ( p i j  ( n ) )  ; i , j = 1 ,  Z , . . , ,  k be  t h e  t r a n s i t i o n  
p r o b a b i l i t y  m a t r i x  a t  t ime t = n .  -'If P ( n )  i s  i n d e p e n d e n t  
o f  n ,  t h e  f i n i t e  Markov p r o c e s s  { X n l  i s  c a l l e d  a f i n i t e  
Markov c h a i n ,  and t h e  t r a n s i t i o n  p r o b a b i l i t i e s  p i j ( n )  
a r e  s i m p l y  d e n o t e d  by p i j .  
i 
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A t  any t i m e  t = n ,  l e t  t h e  random v a r i a b l e  X n  
r e p r e s e n t  an i n d i v i d u a l  consumer X, and l e t  i t  t a k e  one 
o f  t h e  v a l u e s  1 ,  Z,..., k ,  i . e , ,  t h e  consumer chooses  
one and o n l y  one o f  t h e  k g i v e n  b r a n d s .  Suppose we have 
a " p o p u l a t i o n "  o f  N consumers ,  f o r  each  of  w h o m  we dc . f ine  
a random v a r i a b l e  Xnr, r = 1 ,  2,. . , ,H, and t h a t  each  o f  
t h e s e  behave  i n  a s i m i l a r  way. The q u e s t i o n  which i s  
g e n e r a l l y  a sked  i s :  T o  what e x t e n t  t h e  p r e v i o u s  b e h a v i o u r  
o f  t h e  t o t a l i t y  o f  consumers  w i t h  r e s p e c t  t o  t h e i r  c h o i c e  
o f  a p a r t i c u l a r  brand  a f f e c t s t h e i r  p r e s e n t  ( o r  f u t u r e )  
c h o i c e ?  
The re  a r e  t w o  o b v i o u s  ways of l o c k i n g  a t  t h e  problem: 
( i )  Study  o f  a s i n g l e  consumer h i s t o r y ,  sometimes c a l l e d  
as  an " i n d i v i d u a l  p r o c e s s " ;  ( i i )  C o n s i d e r a t i o n  o f  a l l  
t h e  consumers  i n  t h e  popula t ic in  a n d  p r e d i c t i o n  o f  t h e  
f r a c t i o n  o f  t h e  p o p u l a t i o n  buying each  o f  t h e  b r a n d s .  
This i s  c a l l e d  a s  t h e  " c o l l e c t i v e  p r o c e s s . "  
A s s u m i n g  t h a t  t h e  p r o c e s s  may be t a k e n  t o  be a M a r k o v  
c h a i n ,  t h e r e  a r e  s t i l l  many o t h e r  r e s t r i c t i o n s  t o  be looked  
i n t o ,  some of  which a r e :  I s  P ( n )  i n d e p e n d e n t  of  n? Can  
t he  changes  i n  d i s t r i b u t i o n s  of  b r a n d s  i n  t i m e  be a s c r i b e d  
t o  P ( n )  o n l y ?  
F u r t h e r m o r e ,  assuming P ( n )  does  n o t  depend o n  t i m e  n ,  
what  do t h e  powers o f  P = P ( n )  mean? 
i n t e r p r e t  P", t h e  m t h  power o f  m a t r i x  P ?  
p r o c e s s ,  t h e  e n t r y  p m i j  t e l l s  us what  t h e  p r o b a b i l i t y  
T h a t  i s ,  how t o  
For t h e  i n d i v i d u a l  
w i l l  be f o r  a consumer t o  s w i t c h  from brand  i t o  b r a n d  j 
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i n  t i m e  p e r i o d  e q u a l  t o  l e n g t h  m ;  i n  t h e  c o l l e c t i v e  p r o c e s s ,  
i t  g i v e s  t h e  f r a c t i o n  o f  t h e  consumers  u s i n g  b rand  i which 
s w i t c h  t o  brand  j a f t e r  time p e r i o d  m .  
F i n a l l y ,  w h i l e  t h e  s t a b l e  s t a t e  s o l u t i o n  g i v e s  t h e  
l o n g - r a n g e  p r e d i c t i o n s  f o r  t h e  i n d i v i d u a l  p r o c e s s ,  i t  o n l y  
t e l l s  us what t h e  s o - c a l l e d  " e q u i l i b r i u m  f r a c t i o n s "  f o r  
t h e  c o l l e c t i v e  p r o c e s s  a r e .  These  f r a c t i o n s ,  when r e a l i z e d ,  
remain  t h e  same i n  t h e  f u t u r e .  
The q u e s t i o n s  o f  t h e  mean f i r s t  p a s s a g e  t i m e s ,  and 
t h e  r e v e r s i b i l i t y  o f  t h e  m a t r i x  P , a r e  r a t h e r  ha rd  t o  
answer  f o r  t h e  c o l l e c t i v e  p r o c e s s ;  f o r  t h e  i n d i v i d u a l  
p r o c e s s  c a s e ,  t h e  answers..$emain s t r a i g h t f o r w a r d .  
%. . . . 
The i n d i v i d u a l  p r o c e s s  f o r  s t a t i o n a r y  c a s e  has  been 
s t u d i e d  and s o l u t i o n s  p r e s e n t e d  by v a r i o u s  p e o p l e ,  e . g . ,  
H e r n i t e r  and Magee [ S I .  I n  t h i s ,  t h e y  have a l s o  c o n s i d e r e d  
a c e r t a i n  t y p e  o f  c o l l e c t i v e  p r o c e s s .  I f  N i ( n )  i s  t h e  
number o f  consumers  c h o o s i n g  brand  i a t  t i m e  n ,  t h e n  t h e  
V e c t o r  N ( n )  = ( N 1 ( n ) ,  ..., N k ( n ) )  d e f i n e s  t h e  d i s t r i b u t i o n  
of t h e  t o t a l  p o p u l a t i o n  o f  consumers  among t h e  k s t a t e s  
a t  t i m e  t = n ;  we n o t i c e  t h a t  ; N i ( t )  = N .  Under s u i t a b l e  
a s s u m p t i o n s ,  a s t e a d y  s t a t e  s o l u t i o n  may be found i n  [ 5 1 .  
T h e r e  i s  s t i l l  c o n s i d e r a b l e  d o u b t  a b o u t  t h e  c o l l e c t i v e  
p r o c e s s  b e c a u s e  o f  s o - c a l l e d  " a g g r e g a t i n g ; "  e . g .  Howard [6], 
who s u g g e s t s  a k i n d  o f  " m a n i f o l d  c o n v o l u t i o n , "  a n d  c a l l s  i t  a 
v e c t o r  Markov p r o c e s s .  We i n t e n d  t o  p r o b e  t h i s  d e e p l y ,  
e s p e c i a l l y  i n  view o f  what  we s a i d  i n  t h e  p r e v i o u s  s e c t i o n .  
I t  seems n a t u r a l  t o  c o n s i d e r  some k i n d  of  c o l l e c t i v e  
1 
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Markov p r o c e s s ;  a n  i n d e p e n d e n t  s t u d y  of  t h i s  k i n d  f o r  
"random d i g r a p h s "  i s  b e i n g  done by one o f  t h e  a u t h o r s  
( B h a r g a v a )  and some o t h e r s  e . g .  s e e  Bhargava and F i s k  121. 
Anothe r  p r a c t i c a l  problem c o n s i s t s  i n  i n v e s t i g a t i n g  
t h e  v i o l a t i o n  o f  t h e  homogenei ty ,  i . e .  t h e  a s s u m p t i o n  t h a t  
P = P ( n )  i s  t h e  same f o r  a l l  consumers .  
has  deve loped  a h e t e r o g e n e o u s  Markovian model where 
t r a n s i t i o n  p r o b a b i l i t i e s  a r e  a l l o w e d  t o  v a r y  i n  c e r t a i n  
s p e c i a l  ways.  
Morr i son  [ l o ]  
Orde r  o f  t h e  p r o c e s s  has  a l s o  been w i d e l y  d i s c u s s e d '  
i n  l i t e r a t u r e .  O n  one hand,  Kuehn [&.I f i n d s  t h e  f i r s t  
o r d e r  p r o c e s s  i n a d e q u a t e  t o  d e s c r i b e  consumer b e h a v i o r  
and has  t h e r e f o r e  d e v e l o p e d  h i g h e r  o r d e r  p r o c e s s e s  by 
u s i n g  B u s h  a n d  M o s t e l l e r  L e a r n i n g  Models .  A t  t h e  o t h e r  
e x t r e m e ,  F r a n k  [ 4 ]  a t t r i b u t e s  t h i s  l e a r n i n g  e f f e c t  
p u r e l y  t o  s p u r i o u s  c o n t a g i o n  due t o  t h e  a g g r e g a t i o n  d i s -  
cussed above ;  he t h e r e f o r e  d e v e l o p s  a B e r n o u l l i  p r o c e s s  
u s i n g  t h e o r y  o f  runs.  
I t  i s  o n l y  Howard [ 7 ]  who h a s  s o  f a r  c o n s i d e r e d  
n o n s t a t i o n a r y  (which he c a l l s  dynamic)  p r o c e s s  b u t  he 
r e s t r i c t s  h i m s e l f  t o  o n l y  B e r n o u l l i  model .  
A n  i n t e r e s t i n g  semi-Markov p r o c e s s  has  a l s o  been 
d e v e l o p e d  by Howard [6], who t a k e s  i n t o  a c c o u n t  even 
t h o s e  c a s e s  when a consumer f a i l s  t o  c h o o s e  any brand  a t  
c e r t a i n  t i m e s .  Ehrenbe rg  [ 3 ]  has  shown some w o r k  i n  
t h i s  f i e l d  by g i v i n g  w e i g h t s  t o  t h e  " q u a n t i t y  p u r c h a s e d "  
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o f  t h e  b r a n d  c h o s e n ;  i , e .  t a k i n g  t h e  p u r c h a s e  r a t e  i n t o  
a c c o u n t .  He however b a s e s  h i s  t h e o r y  on n e g a t i v e  b inomia l  
d i s t r i b u t i o n .  
A model when X can  be i n  more t h a n  one  s t a t e  a t  a 
t ime ( i . e .  w h e n  consumer buys more t h a n  one  b r a n d )  i s  
o f  p r a c t i c a l  i n t e r e s t  and i s  a l s o  unde r  i n v e s t i g a t i o n .  
All  t h e  above a n d  much more depends upon good t e s t i n g  
and e s t i m a t i o n  p r o c e d u r e s  f o r  t h e  p a r a m e t e r s  i n v o l v e d  i n  
t h e  p r o c e s s ,  a s  w e l l  a s  f o r  s t a t i o n a r i t y .  For  t h i s  we 
r e f e r  t o  Anderson and Goodman [ l l ,  M o r r i s o n  [ l l l ,  and 
Massy 191. 
R e f e r e n c e s  
€ 1 1  Ander son ,  T .  Irl. and Goodman, L .  A .  ( 1 9 5 7 )  
S t a t i s t i c a l  i n f e r e n c e  a b o u t  Markov C h a i n s ,  A n n .  Math.  
S t a t i s t .  , v o l .  28 .  
1 2 1  Bhargava ,  T .  N .  and F i s k ,  D .  1. ( 1 9 6 7 )  Random 
d i g r a p h s  a n d  p r o b a b i l i t y  m o d e l s ,  To be p r e s e n t e d  a t  t h e  
3 6 t h  S e s s i o n  o f  I . S . I .  a t  Sydney.  
p u r c h a s e s ,  A p p .  S t a t i s t . ,  v o l .  8 .  
p r o c e s s ,  J r .  of  Bus. ,  v o l .  35 .  
[31 E h r e n b e r g ,  A.S.C. ( 1 9 5 9 )  T h e  p a t t e r n  o f  consumer 
141 F r a n k ,  R .  E .  ( 1 9 6 2 )  Brand c h o i c e  a s  a p r o b a b i l i t y  
[ 5 ]  H e r n i t e r ,  J .  0 .  and Magee, J .  F .  (1961)  Customer 
[ 6 ]  Howard, R .  A .  (1963)  S t o c h a s t i c  p r o c e s s  models  
[ 7 ]  Howard, R .  A .  ( 1 9 6 4 )  Dynamic i n f e r e n c e  r e s e a r c h  
b e h a v i o u r  a s  a '  Markov p r o c e s s ,  O p .  Res.,  v o l .  9 .  
f o r  consumer b e h a v i o u r ,  J r .  o f  Ad. Res. ,  v o l .  3 .  
i n  c o n t r o l  o f  complex s y s t e m s ,  T e c h n i c a l  R e p o r t  N o .  1 0 ,  
O p e r a t i o n s  Resea rch  Centre ,  M . I . T .  
18J Kuehn, A .  (1962)  Consumer b r a n d  c h o i c e - a  l e a r n i n g  
p r o c e s s ? ,  J r .  o f  Ad .  Res. ,  v o l .  2 .  
-b- 
[ 9 ]  Massy, W .  F .  (1966)  E s t i m a t i o n  o f  p a r a m e t e r s  f o r  
l i n e a r  s t o c h a s t i c  l e a r n i n g  mode l s ,  Working p a p e r  78 ,  
G r a d u a t e  School  o f  B u s i n e s s ,  S t a n f o r d  U n i v e r s i t y .  
[ l o ]  M o r r i s o n ,  D .  G .  ( 1965)  S t o c h a s t i c  models  f o r  time 
s e r i e s  w i t h  a p p l i c a t i o n s  i n  m a r k e t i n g ,  T e c h n i c a l  R e p o r t  No. 8 ,  
Program i n  O p e r a t i o n s  Research. ,  S t a n f o r d  U n i v e r s i t y .  
1111 M o r r i s o n ,  D .  G. (1966)  T e s t i n g  b rand  S w i t c h i n g  
p r o b a b i l i t i e s ,  J r .  o f  Marke t ing  R e s . ,  v o l .  3 .  
Abs  t r a i  t 
/ Voici  l e  p r e m i e r  dans une s e r i e  de p a p i e r s  que nous 
/ / comptons e c r i r e  s u r  1 ' emplo i  des  mod i l e s  mathemat iques  
dans  l a  s c i e n c e  des  a f f a i r e s .  Le b u t  de c e  p a p i e r  e s t  
de p r e s e n t e r  l e  mod2le de comportement d u  consommateur,  
q u i  a l i e u  dans l e  temps,  comme u n  s i m p l e  procede  Markovien 
mais  non pas n e c e s s a i r e m e n t  avec  l e s  r e s t r i c t i o n s  o r d i n a i r e s ,  
t e l l e s  que " s t a t i o n n a r i t ; "  e t  homogeneit<.  
en l i g n e  de compte que lques - -unes  des  d i f f i c u l t g s  c a u s e e s  
dues a u x  s i t u a t i o n s  complexes a c t u e l l e s  t r o u v e e s  en p r a t i q u e  
e t  des  mgthodes s u g g e r e e s  p o u r  a n a l y s e r  t e l s  p r o c e d e s .  
P a r  exemple,  l e  c a s  ou o n  peu t  p e r m e t t r e  a u  consommateur 
de c h o i s e r  p l u s  d ' u n e  marque,  ou. l e  c a s  ou l a  q u a n t i t e  
a c t u e l l e  d ' u n e  marque p a r t i c u l i e r e  a c h e t e e  p a r  l ' i n d i v i d u  
j o u e  a u s s i  u n  r21e  s i g n i f i a n t .  
d i s c o u r o n s  l e s  modeles b a s e s  l e s  p rocedes  Markovi'ens i n d i -  
v i d u e l s  e t  c o l l e c t i f s  p o u r  l e  consommateur e t  s e s  t e n d a n c e s  
comme a c h e t e u r .  
/ 
/ /  
/ 
/ /  
O n  f a i t  e n t r e r  
/ 
4 / 
/ /  / /  
\ 
\ / 
\ / 
P a r t i c u l i e r e m e n t ,  nous 
/ / /  
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